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ABSTRACT 

The linear search problem concerns a search made in the real line for a point 
selected according to a given probability distribution. The search begins at zero 
and is made by continuous motion with constant speed along the line, first in one 
direction and then the other. The problem is to search in such a manner that 
the expected time required for finding the point according to the chosen 
plan of search is a minimum. This plan of search is usually conceived of as 
having a first step, a second, etc., and in that case, this author has previously 
shown a necessary and sufficient condition on the probability distribution 
for the existence of a search plan which minimizes the expected searching time. 
In this paper, we define a notion of search in which there is no first step, but 
the steps are instead numbered from negative to positive infinity. These new 
rules change the problem, and under them, there is always a minimizing 
search procedure. In those cases which satisfy the earlier criterion, the solutions 
obtained are essentially the same as those obtained previously. 

Introduction. In  a recent  paper  by this au thor ,  [1], the l inear search problem 

is discussed, and a necessary and sufficient condi t ion  is derived for  the existence 

o f  a search procedure  having minimal  expected path.  I t  is shown tha t  when the 

left and right upper  derivatives o f  the normalized dis t r ibut ion funct ion are bo th  

infinite at  0, then no mat te r  how small the first steps might  be, it is nonetheless 

advantageous  to  add a yet  smaller step before them, thus decreasing the expected 

pa th  length. In  this paper,  we consider a modif icat ion o f  the definition o f  search 
procedure  in which there is no  first step. The procedures are conceived o f  as 

beginning with an infinitesimal oscillation, as defined below. Under  this definition, 

which is a genera l iza t ion  o f  the  concep t  o f  search procedure  as defined in [1], 

a minimiz ing  procedure  exists for  every dis t r ibut ion with finite first moment .  

Fur thermore ,  i f  minimizing exists in the sense o f  [1], then the minimizing proce- 

dures derived here are the same ones, in a certain natura l  sense. 

Definitions and fundamental notions. We begin with a probabi l i ty  distr ibution 

F on the real line which has finite first momen t  M l  = MI(F) = Y_+:ltl ae t) 
F is assumed to be normalized to be cont inuous  f rom the left in the left half-line, 

cont inuous  f rom the right in the right half-line, and cont inuous at 0, for  reasons 

discussed in I1].  In  that  paper,  we define a search procedure as a sequence 
x oo x = { i}i=l with 
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o r  

• . .=<x4<x2<O<x~= = =<x3<-'" 

. . .  < X 3 < X  l < 0 <  X2 < X4 ~ . . .  

A function X(x,  t) was defined for  - Go < t < + ~ as the length o f  the path  f rom 

0 to t a long the broken line running f rom 0 to x~ to x2 to xa etc. The expectation 

o f  this function, X(x) = S+_~ X(x,  t) dF(t), was called the expected path length 
for  the procedure x, and mo was the infimum o f  X(x) for all such x. In  this paper,  

we shall designate the set o f  such search procedures as ~o,  and the functions 

X(x,  t) and X(x) by Xo(x, t) and Xo(x) respectively. Then we have 

mo = too(F) = inf {Xo(x) [ x e~o}.  

We next define a generalized search procedure. 
Let  x = {xi}i+= ~ _ ~ ,  where 

• .. < x 2 < X o < X _ 2 < . . .  < 0 <  ... < x - i  < x l  <x3  < ' " ,  

and ~ o = -  oo[x,[ < oo. Let us imagine a point  t lying between xt  and x3.We can imagine 

a broken line f rom t to 0 having for  its vertices, in order,  t, X2,Xl ,XO,  X _ l ,  " . . .  

We can easily imagine the broken line traversed in the direction f rom t to 0 (its 

length is Xl (x ,  t ) =  Ill+ EL-  2Ix, I), but  it is harder  to imagine mot ion  in the 

opposite direction, since we stumble on the quest ion:  " W h a t  does one do f irst?" 
We say that  the search plan x so defined begins with an infinitesimal oscillation. 
As before, we define Xl(x)  = S +_ ~ X ~(x, t) dF(t), where X ~(x, t) is the distance 

f rom 0 to t a long the broken line whose vertices, in order,  are 

• . . , X _ 2 ,  X _ I , X o ,  X 1 , X 2 ,  . . . .  

As in [1] ,  we define x -  and x + so that  F ( t ) = O i f t < x - , F ( t ) = l  i f t > x + ,  

while 0 < F(t) < 1 for  x -  < t < x + . If, for  instance, - oo < x -  < 0, x + =  + oo 

then we allow the possibility o f  a search procedure with x s_ 1 = x - ,  x j =  + oo, 3j, 

and  no entries x, for  i > j .  Similarly if x -  = - oo, 0 < x + < + oo. In  any case 

we do no t  allow any search procedures with entries x~ for  which x - < x, < x + does 

no t  hold.  

Fo r  each x e ~0, we can define a corresponding element 2 e ~ ,  by the following: 

I f . . .  < x  4 < x2 < 0 < xl  < x 3 " " ,  then 

[ xl if i > 0 } 

0 if i_<_0 

I f  ... = < x.~ = < x 1 _ _< 0 <_ _ x2 < x4 = < "-', then 

[x~+l  if i > O  ] 

0 if i < 0  
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Thus g e ~2 = {x e 3~11 x / =  0, V i < 0}, and 

V y ~ . z ,  3xe3~o :.~ = y. 

For  each x e ~  o, we have, o f  course, Xo(x ) = Xl(g) .  We define 

mi = m~( F) = inf ( X t(x) l x e ~1}" 

For  each x e ~1, we have 

Xdx)=E(X,(x,t))-- E ( - 1 )  '+ '  Itl + Z 21x, l]dF(t ) 
j=-oo i=-ao 

= tldF(t) + 2 2  Ix, l(1-tF(x,)-F(x,_,)l) 
i=--oO 

63 

oo 
= MI(F  ) + 2 ~, x,(F(x,) - F(x i_ t) - ( - 1)') 

i =--o~ 

Assume x -  = - o% x + = + oo. Then for  every ~ > 0, 3B(~)< oo 1. LEMMA. 

such that  for  all x e3~x with Xl (x )  < 2 m l ,  we have 

Proof.  Let Pc = min(Pr( t  > e), Pr(t < - e)). Assume xj  > 0; the other case 

is dual. Then Xa(x, t )  > 2 ]x j+  1 l, Vt > x i .Thus  

f +co f_+oo 21x~+11 • e . <  Xa(x,t)dF(t)< X~(x,t) df(t)<2m,, 

so that  ]x j+ l  ] < (mdP3 = B(,). Q.E.D.  

The same p r o o f  will give 

2. LENNA. I f  X- < a - < b < x  + ,  then 3 B ( a , b )  < oo such that  for  every 

x e ~  1 with Xl (x )  < 2ml ,  

x j e [ a , b ]  ~ Ix,+,l<B(,,b). 
3. COROLLARY ( o f L e m m a  1). I f x  - = - m,  x + = + 0% then for  every e > 0, 

3C(e) < m such that  for  every x e ~  1 with Xx(x  ) < 2ml,  

Proof.  [x~+a [ < B(e), by Lemma I. Thus  

Ix j+ 2 [ < B ( B ( ~ . ) )  = C(~). Q.E.D. 

4. DEFINITION. Choose  any number  0 < e 0 < x + to be fixed for  the remainder  

o f  the paper.  (Note  tha t  if x - >_ 0 or  x + -< 0, the problem is completely trivial, 

as in [1]).  

Let no be chosen so that  X,o + ~ > eo, x, < eo, V i < no.For each x e 3~, define a new 

search plan g by ~7, = xi-,,o. Then Xt(x )  = X l(g). ~ is called the normal i zed formofx .  
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5. LE~dA. Let 0 < ~ < go. Then there is an n = n(e, F) > 0 such that for every 

x e . ~ l  with Xt(x) < 2ml, I~ ,1  < g, v i  < - n. 

Proof. Let P = P r ( t  > %), and let k > 0 be chosen so that either I~-~,1 > 

Then g < I~-~1 + I~-=~+~1 < I~-~+~ I + I~-=~+~1 < "'" < I~-~1 + I~-~1" 

Thus k ~ < ~,l-~ 2k I~, I For every t > %, t > ~7_ l, so that 

0 - 1  

X,(~,t)  > 2 ~ I*,l > 2 Z I*,1 > 2kg. 
i = - o o  i = - 2 k  

Thus we have 

2ke .P < 

= X I ( ;  ) = X l ( x  ) < 2 m  I . 

It follows that 2k < (2ml/gP), and therefore 2k - 1 is also. Q.E.D. 

6. LEMMA. I f  X - < a < _ O < - b < x  +, then 3 n = n ( a , b , F ) > O  such that for 
all x e~.l with Xl(x  ) < 2m I , 

2j~[a,b],Vj > n. 

Proof. Let P = min (Pr(t < a), Pr(t > b)). Choose j > 0 and assume that 

x2j e [a,  b]. Then 

~o < I~, I+ 1~1 < I ~ l  + I ~ l  < " --< I ~ - - ,  [ + I~-I • 
Thus, for t < ~7~ 4, X1(~7, t) >--Jeo and 

Jgo " P < Xl(;,t)dF(t) < = Xt(x) < 2ml ,  

yielding j < (2ml/goP). 
I f  ~2i_le[a,b], the same analysis shows that jeoP < S~Xl (~ , t )dF( t )<  2ml. 

Thus, in either case, j < (2ml/eoP), and ~ ¢ [a, b] if k > (4ma/%P). Q.E.D. 

7. Tn1EOR~M. I f  X- = -- ~ , X  + = + oO, then 3 y e ~ . l : X l ( y ) =  rex. 

Proof. Let a sequence (x(n))~= 1 of  elements o f ~ t  be chosen so that Xl(x(n))-~mt 
as n -~ oo. We note that X1(£ t")) ~ ml also, so that it will not disturb the generality 

of  the proof  if we assume x (,) = ~(,), V n. Let each x (") be designated as 

{x~,) + o~ 
i = - -  oo * 

Then 0 =< ... _< xP)a =<x~)~ =< eo,Vn, 0 =<... =< [x~)z]<[Xto")[<B(go),Vn, a n d =  = 
[x?)[ < B(B(%)), [ x(z")[< B(B(B(%))), etc. V n, so that for each i, {x~ ~) }~=, is a 

bounded sequence: and thus contains a convergent subsequence. By the diagonal 
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process, we extract a subsequence {xt~J)}T= t of  {x(")}~= i such that {x}~J)}~'= t 
converges for each i, and such that Xx(x ("~)) < 2ml,Vj. We can assume without 
loss of generality that the sequence {x(")}~= t is actually the chosen subsequence. 
For each i, let y~ = lim~_, ~xi(n! Then. . .  < Y2 < Yo < Y2"'" < 0 < . . .  < y _  t < Yt -~ " " .  
Furthermore, for each - o o < a < 0 < b < + o o ,  we have Yi¢(a,b) for 
i > n (a ,b ,F) ,  so that ly, I as i ~ + oo. Also, ly-,I - *  if i > n(e,F),  so that 
Yt ~ 0 as i ~ - oo. Finally, if we set P = Pr(t > %), we have 

0 

Xt(x~"),t)_-__ Z 2ix~"~i,Vt > ~o,Vn. 
i = --00 

Thus 

and 
~0  +°°  

e. ~ 21xl'~l< x,(~<">,O dF(t)<Xl(x("))<2mi, 
i=--co 

0 
m l  X Ix,'"'l < ~ , v . .  

i=--oo 

Therefore •o=_ oo [yl ] --- (mdP) < oo, and y e ~a. To show that X t ( y )  = rot, 

choose a 6 > 0, and any k large enough so that X; '-ooly, I < ~. For each , ,  w e  

now define a w @l e ~1 as follows: 

t x~ t~) if i < - 2 k  

w~")= ( - 1 )  '+1 max(lxl.,l,ly, l) if - 2 k < i < - 2 k + l  

( -  1) '+t max(lx}")l,l"'("),,,-2 i) if  i >  2k + 1. 

Then w~ ") = x~ ~) for all but at most s k values of i, where s k-- 2k + 1 + n(y2~,y2k + t, F); 
Choose any ~ > 0 with SRe < iS. Since x[ n)-, Yi,V i, we know that for all n large 
enough, say all n > n l, we have ]w~ " ) -  x, (")] < e, Vi. Then 

Xl(Wt~),t) < Xl(X ("~ t) + Ske , V -- oo < t < + oo, Vn  > n I . 

It follows that for n > nx, X l ( w  (~)) < X l ( x  (")) + ske. Note that w~ ")-, Yi as 
n ~ oo, Y i, and define v (~) = {v~)}e ~ t  by 

f 
v~ " ) = 4 y t  i f i < - 2 k  

t w~ ~ if i _-> - 2k. 

Then X t(v (n)) < X l(W t")) + 26, V n, since 

- 2 k  - 2 k  - 2 k  

X 2 i y , [ -  X 2[w}")l< X 21Yi1<26. 
i=--o0 i=--oO t=--O0 
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Thus we have Xl(v (")) < X~(x  (")) + ske + 28, Vn. We see immediately that 

X (v % t) -+ Xl(y, t) 

uniformly for Yzk-<- t =< Y2k+l, and thus 

r'=" f?+ XI(y,  t) dF(t)  = lira X l ( v  ("), t) dr ( t )  
~ Y 2 k  ~"'~ o0 Y2k 

< lira supXl(V °°) 

= lira supXl(x  (~)) + ske + 23 

< m l + 3 &  

Since this inequality holds for all k large enough, and I Y~I ~ oo as i ~  + o% we have 

X l ( y  ) = (y, t )dF( t )  = < m I + 3c5. 

Since 8 is arbitrary, we have XI(y) < m~, which gives us Xx(y) = ml, by de- 
finition of ml.  Q.E.D. 

8. THEOREM. I f -  O0 < X-  < 0 ,  X + =  + 0% then 3 y e3~l : X l ( y ) = m  1. 

Proof. Let {x(')}~= 1 be chosen so that X l ( X  (")) -+ ml  as n -+ ~ .  Again, we can 
(n) k .  assume x <") =£(~),Vn. Let x (~) = {x~ }~=_¢o,Vn, where - oo < k~ < + oo. 

.¢ ~.(a)~oo ~(n) _ For each i, consider the sequence t ~  j , :  1, where ~ - + oo if i > k, .  Either 
limsup,_.ooxit")< + o%Vi, or else 3k:limsup,~®x~ ")= + ~ ,  limsup~_,~ox/~")< + 0% 

V i < k .  
In the first case, we define y as in Theorem 7, by a diagonal procedure on the 

x ("). I t  is clear from Lemma 6 that Y 2 k ~ X - ,  y2,+~-'-> + ~ ,  as k--, + or. Then 
the proof  of  Theorem 7 employed verbatim will show that for arbitrary /~ > 0 

and all k large enough, 

f yyZk- l ~k XI(y , t )  dF(t)  < m I + 3& 

Thus, as before, we have 

f_+/Xl f:= X l ( y  ) = (y, t)dF(t) = X l ( y ,  t)dF(t) < m I , 

and thus XI(y)  = ml .  
On the other hand, if the opposite case holds, then a subsequence {x("J)}~= 1 

c n be chosen from {x (~)}~°= 1 so that Xk("J)--~ + oO as j -~  o% each sequence 
{x (-j)} converges as j -+ oo for i < k, and X ~(x ("J)) < 2m 1 , Vj. We can assume that 

f v t n ) ~  oo the sequence t.~ s.= ~ itself satisfies all these conditions. Referring back to the 
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~. (,h _., 0 as n ~ 0% so that proof  of  Theorem 8 in [1], we see that Pr(t <.~k_l /  
afortiori, Yk-t  = X- .  We now show, as in [1], that 

f xk(n) -- 
Xt(Y, t) dF(t) <- m 1 

dxt¢- I (n) 

so that XI(y)  = f+_~Xx(y,t) dF(t)<= m I , and X1(y ) = m I in this case also. Q.E.D. 

9. COROLLARY. I f  X-  = -- 0% 0 < X  + < + ~ ,  then 3 y e Y q :  Xx(y) = ma.  

Proof. Clear by symmetry. 

10. THEOREM. I f  - -  oo < X -  < 0 < X + < -I- cO, then 3 y e ~1 : Xx(y) = mx. 

Proof. As before, we choose a sequence {xt")}~= x out of  ~1 with Xx(x (")) ~ ml  
as n --, o9. We again assume that x (")= ~ (,7, Vn. We note that either 

x - <  liminf,_.~x~"),lim sup,_.~x~")< x +, V i ,  

or else there is at least a value of i, call it k, such that one of  the inequalities fails. 

In the first case, the analysis of  Theorems 7 and 8 will again show that a sequence 

y extracted in the indicated way will have Xt(y )  = m l .  
In the contrary case, assume that ~-'(")~ has a subsequence converging to x - "  /.'~k J 

the case of  convergence to x + is dual. Then a subsequence {x("S)}~= x can again 

be chosen so that Xkt"~)--,X- as j-- ,  ~,{x~ "~) } converges for each i <  k, and 
Xl(Xt" ' ) )<2mx,Vj .  Again, we assume {xt"J~}7= 1 ={x("~}7=1 . Define y~ as 

before for i <  k, with Yk = X- and Yk+t = X +. The previous analysis will now 

show that X l ( y  ) = ml. Q.E.D. 

We have now shown that  in all cases, 3 y e ~ l  :XI(y)  = rnl.  In [1], we showed 

that  under certain circumstances, we have 3y e3Eo:Xo(y)= rno. What  is the 
relationship between these results? 

11. LEMMA. me(F) = m~(F) 

Proof. For every x e~o ,  xe3E2 and Xo(x) = Xa(x). Thus 

me = inf{Xo(x) lx ~ ~o} = inf (Xl(x)  lx e 3E2) 

> inf(Xl(X) ] x e 3E1) 

m 1 

On the other hand, let x e ~ l  and choose 6 > 0 arbitrarily. We have x~-~O 

as i ~ - oo. Thus, we can choose a k so that  

- 6 < x k + 2  < 0 = < x k + l  < 6 .  

Let y e ~o be defined by 
y~ = xk+~, V i > 1. 
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Then for each - m < t < + 0% we have 

Xo(y ,  t) < X I ( x  , t) + 4& 

Since mo < Xo(y ,  t), we have 

mo - 46 < X I ( x , t ) , V x ~ .  1 . 

Thus m o -  46 -<_ mr. Since 6 is arbitrary, m o <  ml ,  giving mo = m l .  

In [1], we define 

F -  (0) = lira F(t) - F(O) F +(0) = lim F(t) - F(O) 
I - ~ 0 -  t ~ t-}O+ t 

[June 

Q.E.D. 

Proof. Assume not. Then it is easily seen that Yi ~ 0, V - m < i < + or. Choose 
D > 0 with F+(0) < D < 0% and let K > 0 be chosen satisfying 

lo F(t) - F(O) < D, VO < t < K 
t 

1 
2 ° F(K)  - F(  - K )  < --~, 

1 
3 ° K < 2 d .  

Since ~o_,__~ [Y,[< 0% there must be an odd, negative number k with 

Y~--Yk+I=IYkI+]Yk+II<K" 

We shall show that  Yk = Yk- 1 = O. 

Define x e 3E1 by 

y~, Vi > k, 

Xi ) 
L y j - 2 ,  Vi <- k. 

12. TI-mOREM. Assume that F + ( 0 ) <  o~. Let  y ~ 3 E a : X l ( y ) =  mo. T h e n  

3 - m < k < + o o : y i = 0 , V i < k .  

I f  at least one of  these is finite, then 3 y e 3~o with Xo(y)  = too. There is no need 
for y to be unique, of  course. Under Theorems 7, 8 and 9 of  this paper, we can 

find y e ~ l  with X I ( y ) =  m l  = too. Are all the y e3~1 with this property essen- 

tially representatives of  elements of  3~o ? The answer is "ye s " ,  as seen f rom the 

next theorem. 
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Then 

XI(Y)-  Xl(x) = 2[ t Yk-1 [ (1 -- F(y  k_ 2) + F(yk -  1)) + ] Yk 1( 1 -- F(yt,) + F(y~_ 1)) 

+ } Yk +1 } (1 -- F(yk) + F(y~, + 1)) - I Yk +1 [ (1 -- F(Yk-  z) + F(yk + 1))] 

= 2 [( I Yk- I  I + ] Yk [) ( 1 -- F(yl,-2 ) + F (yk - I ) )  

+ [ Yk [ ( -  F(yk) + F(Yk-  2)) 

+ [ Y, +1 } ( - F(yk) + F(Yk-  z))]. 

= 2[(yk-- Yk- 1) (1 -- F(y k_ 2) + F(yk -  1)) 

- (Yk-- Yk + 1) (F(Yk) -- F (yk -  2))]. 

We observe the following: 

(a) Yk < Yk -- Yk-  1, with equality only if Yk- 1 = 0. 

(b) Yk-2 < Yk < Yk -- Yk+l < K ,  and 

Y k - I  > Yk+ l >= Y k 4 1  - -  Y k  > - -  K,  so that 

F(yk_2) -- t ( y k _ l )  < F(K)  - F( - K)  < 1,  

and 1 - F(yk-2) + F(Yk-1)  > ½. 

(c) F(y~) - F(yk_ 2) ---- F(y~) -- F(0) __>/)Yk, 

with equality holding only if Yk = O. 

Thus, 

1 
X ( y )  - X ( x )  > 2 [Yk " -~  -- K "  Dyk] , 

with equality 
assumption on y, while K D  < ½ by definition on K, so that 

holding only if Yk =- Yk- 1 ~- O. However, X ( y )  - X ( x )  < 0 by 

1 
~ Yk -- KDyk  > O. 

It follows that Yk = Yk-1 = 0. Q.E.D. 

One important feature of an absolute minimum, aside from aesthetic consi- 
derations, lies in the fact that a recursion formula for the entries can sometimes be 
obtained by partial differentiation. Let x C°) e ~1, with X l(x  to))= m l .  Assume that 
Fis differentiable at each x~W~ - oo < i < + co.Then X l ( x ) i s  a differentiable function 
of each x~ at x = x w), and 

tOXl(x(°)) = O, V - co < i < + co. 
t~xi 
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Since (O(Xl (x ) ) /Oxi )  = 2[(xi+ 1 - x~)F' (x i )  - ( - 1) * - F(x~) + F(x i_  l)], 

Xi+ l ~-- Xt "4- 
F ( x i _  1) - F ( x ~ )  - ( - 1) ~ 

F'(x,) 

and 

F ( x i - l )  = F(x i )  + ( - 1) i + (xi - xi+ l)F'(xi). 

[June 

we have 

Thus, under proper differentiability conditions, we can derive all the xi of  a 
minimal solution if we have two consecutive ones. Clearly, if F is a strictly in- 

creasing function, the two equations above will give us all the xi. To extend the 

same observation to distributions which are not strictly increasing, we note that 
o f  all the values of  x for which F ( x )  takes a given value, only that value of  x having 
the smallest absolute value can appear as an entry in a minimal search procedure. 

The formulae hold as well for x ~X1, as for x ~- 3~o. 
Although the problem as originally posed has as yet no solution in a useful 

sense, even for approximations, the analysis here is too delicate to carry over 
approximations,  and the recurrence relations, which depend strongly on F '  (a very 

sensitive quantity) do not withstand the approximation process. 
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