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ABSTRACT

The linear search problem concerns a search made in the real line for a point
selected according to a given probability distribution. The search begins at zero
and is made by continuous motion with constant speed along the line, first in one
direction and then the other. The problem is to search in such a manner that
the expected time required for finding the point according to the chosen
plan of search is a minimum. This plan of search is usually conceived of as
having a first step, a second, efc., and in that case, this author has previouslty
shown a necessary and sufficient condition on the probability distribution
for the existence of a search plan which minimizes the expected searching time.
In this paper, we define a notion of search in which there is no first step, but
the steps are instead numbered from negative to positive infinity. These new
rules change the problem, and under them, there is always a minimizing
search procedure. In those cases which satisfy the earlier criterion, the solutions
obtained are essentially the same as those obtained previously.

Introduction. In a recent paper by this author, [1], the linear search problem
is discussed, and a necessary and sufficient condition is derived for the existence
of a search procedure having minimal expected path. It is shown that when the
left and right upper derivatives of the normalized distribution function are both
infinite at 0, then no matter how small the first steps might be, it is nonetheless
advantageous to add a yet smaller step before them, thus decreasing the expected
path length. In this paper, we consider a modification of the definition of search
procedure in which there is no first step. The procedures are conceived of as
beginning with an infinitesimal oscillation, as defined below. Under this definition,
which is a generalization of the concept of search procedure as defined in [1],
a minimizing procedure exists for every distribution with finite first moment.
Furthermore, if minimizing exists in the sense of [1], then the minimizing proce-
dures derived here are the same ones, in a certain natural sense.

Definitions and fundamental notions. We begin with a probability distribution
F on the real line which has finite first moment M; = My(F) = [**|t| dF(t).
F is assumed to be normalized to be continuous from the left in the left half-line,
continuous from the right in the right half-line, and continuous at 0, for reasons
discussed in [1]. In that paper, we define a search procedure as a sequence
x = {x;}{~, with
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A function X(x,1) was defined for — o« <t < + oo as the length of the path from
0 to t along the broken line running from 0 to x, to x, to x; efc. The expectation
of this function, X(x) = ff: X(x,t) dF(t), was called the expected path length
for the procedure x, and m, was the infimum of X(x) for all such x. In this paper,
we shall designate the set of such search procedures as X,, and the functions
X(x,t) and X(x) by X (x,t) and X o(x) respectively. Then we have

mg = my(F) = inf{XO(x)Ix eX,}.

We next define a generalized search procedure.
Let x = {x;};,22 ,,, where

...§x2_<__x0§x_2<...§0§ ...éx_léxléxs

IA

ey

and X0 _ |x,-| < o0.Letusimagine a point ¢ lying between x, and x,.We can imagine
a broken line from ¢ to 0 having for its vertices, in order, £,X;,%X,,%¢s X4, *
We can easily imagine the broken line traversed in the direction from ¢ to O (its
length is X,(x,) = [t| + % _,2|x;), but it is harder to imagine motion in the
opposite direction, since we stumble on the question: “What does one do first?”’
We say that the search plan x so defined begins with an infinitesimal oscillation.
As before, we define X (x) = | f:X 1(x, 1) dF(1), where X ,(x, t) is the distance
from O to t along the broken line whose vertices, in order, are

X2, X_15X0, X5 X250

As in [1], we define x~ and x* so that F(f)=0if t<x~, F()=1if t=x",
while 0 < F(f) < 1 for x~ <t < x* . If, for instance, — 0 <x~ < 0, x*=+ ®
then we allow the possibility of a search procedure with x;_; = x™,x;=+ 00,3j,
and no entries x; for i > j. Similarly if x” = — 00, 0 <x¥ < + 0. In any case
we do not allow any search procedures with entries x; for which x ™ < x, £ x* does
not hold.

For each x € X, we can define a corresponding element X € X, by the following:
- 2x,2x,205x; £x;3+, then

[x,. if i>0
x‘ =(l }.
0 if i<0
If Sx38x;205x, %, 5+, then
xi+1 lf igo }

[
X; =
10 if i<0
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Thus xe X, ={xeX¥,|x;=0,Vi<0},and
VyeX,, IxeX,: x=y.

For each xeX,, we have, of course, Xy(x)=X,(X). We define
my=m(F) = inf{X,(x)|xe X}
For each x e X, we have

+ . xj izt
X (x) = E(X (x.1)) )y (—1)’“] [|l|+=2_ 2|xi|] dF(1)

Jj=—w i-2

[ ltdre + 2% |xfa -] Fe - Fou-ol)

-0 i=

= M(F) + 23 x(F(x) = F(riy) ~ (= 1))

i=—o

1. LEMMA. Assume x~ = — 00, x* = + co. Then for every &> 0, 3B(g) < o©
such that for all x e X, with X,(x) < 2m,, we have

IXj|<8 = |Xj+1|<B(8).
Proof. Let P, = min(Pr(t > ¢), Pr(t < —¢)). Assume x;=0; the other case
is dval. Then X ,(x,1) > 2li~+l ], Vt>x;.Thus

+ 0

+ oo
2| x541] " Po<| Xy (x,0dFO<| Xy(x,t) dF() <2my,

so that | x4 | < (m,/P,) = B(e). Q.E.D.
The same proof will give
2. LemMA. If x~ <a<b<x", then 3 B(a, b) < oo such that for every
xeX, with X,(x) <2m,,
x;e€la,b] = |xj+1| < B(a, b).
3. COROLLARY (of Lemmal). If x "= — oo, x * = + 0, then for every ¢ >0,
3C(e) < oo such that for every x € X, with X,(x) <2m,,

0< |xj| <& = |X;42] <C(o).
Proof. |x;,,| < B(e), by Lemma 1. Thus
|%;+2| < B(B(&)) = C(e). Q.E.D.

4. DerINITION. Choose any number 0 <g, < x +, to be fixed for the remainder
of the paper. (Note that if x~ =0 or x* <0, the problem is completely trivial,
as in [1]).

Let n, be chosen so that x, . > &, X; < &, Vi < ng.For each xe X, define a new
searchplan% by %;=x;_,,. Then X ;(x)= X (). X is called the normalized formofx.
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5. LEMMA. Let 0 < ¢ < gg. Then there is an n = n(g, F) > 0 such that for every
xexl with Xl(x) < 2m1, I)?i‘ < S,Vi < —n.

Proof. Let P =Pr(t > ¢,), and let k> 0 be chosen so that either |)’E_2k| > €
or |£—2k+1| > &.
Then &< lf-zkl + |f—2k+1] = |f—2k+2| + |f—zk+3l =32 lf—zl + If—xl-

Thus ke< X,_% 5 |%|. For every ¢ > &, t > ¥_, so that
o -1
X, %0 > 2L |&%] >2 X |&] > 2k
im0 =2k

Thus we have
+ w0

+ o0
2keP< | X(&dF()< f X, (%, 1) dF(2)

= Xl(i) = Xl(x) < 2m1 .
It follows that 2k < (2m,/¢P), and therefore 2k —~ 1 is also. Q.E.D.

6. LEMMA. If x~ <a <0< b<x*, then An=n(a,b,F)>0 such that for
all xe X, with X (x) <2m,,

%;¢[a,b],Vi>n.

Proof. Let P = min(Pt(t < a), Pr(t > b)). Choose j>0 and assume that
%,;&[a,b]. Then

go < |% |+ %] S |Fs| + | K| S S Faoa | + %2
Thus, for t < X,;, X,(%,1) = je, and

+

jeo ' P< f X,(&0dF() < | X (& 0dF() = X (x) < 2m,,

yielding j < (2m/eyP).
If %,;_¢[a,b], the same analysis shows that jg,P < {5 °X (%, dF()< 2m,.
Thus, in either case, j < (2m,/eoP), and %, ¢ [a, b] if k > (4m[eoP). Q.E.D.

7. THEOREM. If X~ = — 0, x" = 4+ oo, then 3yeX;: X, (y) = my.

Proof. Let a sequence (x™)=., of elements of ¥, be chosen so that X (x™)—m,
as n — o0, We note that X,(#) —» m, also, so that it will not disturb the generality
of the proof if we assume x ™ = %™,V n. Let each x ™ be designated as

{xgn) + oo

Then 0 < - £ x"3 £ x®) < &,¥n,0 £ £ x| = |x§”] £ B(eo), V1, and
[x{”| < B(B(eo)), | 37| < B(B(B(eo))), etc. ¥ n, so that for each i, {(xMe s a
bounded sequence, and thus contains a convergent subsequence. By the diagonal
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process, we extract a subsequence {x™}%, of {x™}2, such that {x{"} 7.,
converges for each i, and such that X,(x®™’) < 2m,,Vj. We can assume without
loss of generality that the sequence {x("’};‘,"=1 is actually the chosen subsequence.
Foreach i, let y; = lim,, ox;" Then -+ S y, Sy Sy, SO0S Sy 1 Sy, S
Furthermore, for each — w<a<0Z<b< + o0, we have y;¢(a,b) for
i > n(a,b,F), so that | y;| - o0 as i > + 0. Also, | y_;| S & if i > n(e, F), so that
y;— 0 as i > — co. Finally, if we set P = Pr(¢ > g;), we have

[}
X,z X 2|x"|,Vi>e,Vn.
i=~-ow

Thus

+

(1] 0
P- X 2|x"M< f X,(x™ 1) dF(t) < X, (x") < 2m,,
i ) 0

and
4]
o M
i=2—w!xi | < 5,V

Therefore X{- _, | y;| £ (m/P) < 0, and ye X,. To show that X,(y)=m,,
choose a 6 >0, and any k large enough so that X, %% | y;| < 6. For each n, we
now define a w™ e X, as follows:

x ™ if i< -2k

w® =< (=D max(|x”|,|n]) if -2kgig2k+1
(= D' max(|x"[,|w,|) if i>2k+1.

Then w{™=x{"for all but at most s, values of i, where s, =2k + 1+ (¥, ¥ 24+ 1, F)-

Choose any & > 0 with s,¢ < J. Since x™ - y;,Vi, we know that for all n large
enough, say all n > n,, we have |w{® — x| < ¢, Vi. Then

X W, <X, (x® ) +s58V—o0<t<+00,Vn>n,.
It follows that for n> n,, X;(W") < X,(x™) + s,e. Note that w”—y, as
n - o, ¥i, and define v = {o{”}e ¥, by
o {yi if i < — 2k
w™ if i > - 2k.

Then X ,("™) < X, (W) + 25,V n, since

2k ~2k -2k
T 2jnl- T 2[wPls T 2|p|<2.
i=-ow i=-w i=-0cw
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Thus we have X;(v™) < X,(x") + s,& + 26, Vn. We see immediately that
Xl(v (")’ t) - Xl(ya t)

uniformly for y,, £t < yyp+1, and thus

Yik41 Yak+1
f X,(»,0) dF() = lim X, (6™, 1) dF(t)
¥y

2k 0 Vv

A

lim sup X,(v™)

n=>w

lim sup X,(x"™) + s,& + 20

K=

IA

< my + 36.

Since this inequality holds for all k large enough, and | y; |- 00 as i— + oo, we have

@

X0)= [ X0 dro) < m +3,
Since ¢ is arbitrary, we have X(») < m,, which gives us X,(y) = my, by de-
finition of m;. Q.E.D.

8. THEOREM. If — a0 <x~ <0, x* = + oo, then IyeX: X (y) = m,.

Proof. Let {x™}®_, be chosen so that X,(x ™’)— m as n — co. Again, we can
assume x™ =%" vn. Let x™ = {xM}¥=__,Vn, where — o <k,< + co0.
For each i, consider the sequence {x{"}>.,, where x{ = + oo if i > k,. Either
lim sup, X< + 0, Vi, or else k:limsup,_, ,x{"= + oo, limsup,_, ,x"< + o0,
Vi<k.

In the first case, we define y as in Theorem 7, by a diagonal procedure on the
x™ . 1t is clear from Lemma 6 that y,; =X, V41— + 0, as k— + co. Then
the proof of Theorem 7 employed verbatim will show that for arbitrary 6 >0

and all k large enough,

Y2k-1
f X,(y,t) dF (1) < my + 34.

Y2k

Thus, as before, we have

X0 = [ X 0dF@) = f X (. OdF(t) < my,

-

and thus X ,(y) = m,.

On the other hand, if the opposite case holds, then a subsequence {x('“’)}‘}"=1
cn be chosen from {x™}¥_, so that x{"’— + o as j-» o, each sequence
{x®"} converges as j - oo for i < k, and X,(x*”) < 2m,Vj. We can assume that

(n)y o

the sequence {x""};. itself satisfies all these conditions. Referring back to the
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proof of Theorem 8 in [1], we see that Pr(t <x,)—0 as n— oo, so that
a fortiori, yy_, = x~ . We now show, as in [1], that

x5 1)
f X, ) dF()S my,

m 1M
sothat X,(») = [1°X,(y,t)dF(Y)< m,,and X,(y) = m, in this case also. Q.E.D.
9. COROLLARY. Ifx™ = — 0,0<x* < + o0, then IyeX,: X,(y) = m,.
Proof. Clear by symmetry.
10. THEOREM. If — 0 <x~ <0< x*< + o0, then IyeX;: X,(y) =m,.

Proof. As before, we choose a sequence {x ™}®_, out of X, with X;(x™)—m,
as n — o0. We again assume that x ®= %™, Vn. We note that either

x~ < liminf,, o x™, limsup,., . xM<x*, Vi,

or else there is at least a value of i, call it k, such that one of the inequalities fails.

In the first case, the analysis of Theorems 7 and 8 will again show that a sequence
y extracted in the indicated way will have X ((y) = m, .

In the contrary case, assume that {x{"} has a subsequence converging to x~;
the case of convergence to x* is dual. Then a subsequence {x"”}¥_; can again
be chosen so that x,"—»x~ as j— oo, {x{"? } converges for each i <k, and
X,(x®) <2m,,Vj. Again, we assume {x"}7_,={x™}7.;. Define y, as
before for i < k, with y, =x~ and y,,, = x*. The previous analysis will now
show that X ,(y) = m;. Q.E.D.

We have now shown that in all cases, Iy e X, : X,(y) = m,. In [1], we showed
that under certain circumstances, we have yeX,: Xq(y) = m,. What is the
relationship between these results?

11. LemMa. my(F) = m,(F)
Proof. For every xeX,, xe X, and Xy(x) = X,(x). Thus
my = inf {Xo(x)| xe X} = inf (X (x)|xeX,)
z inf(X,(x)|xeX,)
= m

On the other hand, let xeX, and choose § > 0 arbitrarily. We have x;— 0
as i » — o0. Thus, we can choose a k so that

‘_‘6<xk+2§0§xk+1<6.

Let y € X, be defined by
Vi=Xeep, ViZ L
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Then for each — o <t < 4 o, we have

Xo(y,t) < X ((x,1) + 44.
Since my < X(y,t), we have

my— 48 < X(x,1),VxeX,.

Thus my — 46 < m,. Since ¢ is arbitrary, mg < m,, giving my =m;. Q.E.D.

In [1], we define

F~(0) =1lim F_(_t)___F(O_) F*(0)= lim F(t) — F(0) )

2
10— t 10+ t

If at least one of these is finite, then 3y e X, with X (y) = m,. There is no need
for y to be unique, of course. Under Theorems 7, 8 and 9 of this paper, we can
find yeX, with X,(y) =m; =m,. Are all the ye X, with this property essen-
tially representatives of elements of X,? The answer is “‘yes’’, as seen from the
next theorem.

12. THEOREM. Assume that F*(0) < oo. Let yeX;:X(y)=my. Then
J~w<k<+ o y;=0Vigk

Proof. Assume not. Then it is easily seen that y; # 0,V — o0 < i < + . Choose
D > 0 with F*(0) < D < 0, and let K > 0 be chosen satisfying

1° F—(‘l—_t—f@<b,vo<t<1<
1

2 FK)-F(-K) <,

. 1

3 K<?5.

Since X{- - | yi| < o0, there must be an odd, negative number k with
Vi Yer1 = | W] + | ers| <K.
We shall show that y, = y,-; =0.
Define x € X; by

Yis Vi> k,
X; ={

Yi-23 Vlék-
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Then
X1~ X)) = 2[|yp-1 |0 =F(yg-2) + FGx-0) + | 3| A=F) + F(yi~ )
+ | Ve 1 |(A=FGD) + FGus ) = | i1 | (A=FGs=2) + FGes )]
= 2[(| y-1| + | DU =F(i=2) + F(ye-y))
+ | 7| (=F() + F(yi-»)
+| 71| (= FOQ + Fa )]

= k= ye- DA =F@e- )+ F(i- 1))
~ =Y ) (FQ)—F(yx-2)))-

We observe the following:
(@) i £ Y — Vi1, With equality only if y,_, = 0.

(b) V-2 2V S Ve — Mivy <K, and
Ye-12 Vw1 Z Vw1 — V> — K, so that
F(yy-2) = F(y-) S F(K) - F(-K) < %,
and 1 — F(y,_,) + F(y,— ) > %.
(©) F(yo) — F(yr-2) 2 F(y) — F(0) 2 Dy,,
with equality holding only if y, = 0.
Thus,

X0) = X 2205 5~ K - Dy,

with equality holding only if y,=y,_, =0. However, X(y) — X(x)<0 by
assumption on y, while KD < 4 by definition on K, so that

%yk — KDy, 2 0.

It follows that y, = y,_, =0. Q.E.D.

One important feature of an absolute minimum, aside from aesthetic consi-
derations, lies in the fact that a recursion formula for the entries can sometimes be
obtained by partial differentiation. Let x'® € X,, with X,(x‘”)=m, . Assume that
Fis differentiable at each x,'%) ~ 00 <i < + 00.Then X, (x)is a differentiable function
of each x; at x = x®, and

X ,(x9)

=0,V—0o<i<+ 0.
0x;
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Since (2(X y(x))/0x) = (ki1 — ) F'(x) = (= 1 = F(x) + F(xi-,)], we have

F(x;-1) = F(x) = (= 1)!
F'(x;)

Xit1 =X +

and

F(x;q) = F(x) + (= D' + (x; = x4 )F ' (x)).

Thus, under proper differentiability conditions, we can derive all the x; of a
minimal solution if we have two consecutive ones. Clearly, if F is a strictly in-
creasing function, the two equations above will give usall the x;. To extend the
same observation to distributions which are not strictly increasing, we note that
of all the values of x for which F(x) takes a given value, only that value of x having
the smallest absolute value can appear as an entry in a minimal search procedure.
The formulae hold as well for xe X, as for xeX,.

Although the problem as originally posed has as yet no solution in a useful
sense, even for approximations, the analysis here is too delicate to carry over
approximations, and the recurrence relations, which depend strongly on F’ (a very
sensitive quantity) do not withstand the approximation process.
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* Please note the following erratum in [1]: Equation 2° on page 224 should

read: F(t) - F(0)
t

2° <D, ¥-K<t<0.



